We derive an exact transfer-matrix solution for an infinite system of hard particles confined in a manner that precludes non-nearest-neighbor interactions. The solution takes the form of a functional eigenvalue equation which may be solved numerically for the thermodynamic and structural properties of the confined fluid. Barker [Aust. J. Phys. 15, 127 (1962)] originally derived this solution by a different route, and we apply it in a number of new ways. We present the first calculations based on this solution for systems of hard disks between parallel lines, and for hard spheres in a cylindrical pore. Through comparison with Monte Carlo simulations, we examine the range of validity of the solution when applied to systems in which non-nearest-neighbor interactions may occur. We find that the transfer-matrix approach provides acceptable results for pore widths up to two particle diameters, and that the approximation becomes quite poor as the pore is widened further, particularly at high density. This solution may be used to test the narrow-pore limit of more versatile theories of confined fluids. We further' apply the solution to the so-called "periodic narrow box," which has previously been solved in only two dimensions. We reproduce the two-dimensional result, and present the solution (which may be formulated explicitly rather than as an eigenvalue equation) for the three-dimensional, hard sphere version of the model. This simple model provides a remarkably accurate description of the thermodynamic behavior of a bulk hard sphere crystal.
I. INTRODUCTION

A. Background
The statistical mechanics of fluids in one dimension is often amenable to an exact analysis,' but unfortunately such systems are usually incapable of capturing the behavior of real substances; the absence of any phase coexistence in these models is a ready example. While no real system is truly one dimensional, some are nearly so and may be well modeled in such a manner.2-4 For example, measurements of the entropy of adsorbed phases of rare gases in the elliptical channels of mordenite confirm that it behaves as a one-dimensional fluid.5 In other cases a one-dimensional model may be used to capture one aspect of more complex behavior. In particular, several teams of workers have recently provided solutions for inhomogeneous onedimensional systems, including hard rods confined to a finite length by purely repulsive walls,6*7 walls with attraction, ' mixtures,g and all of this for square-well rods as well." Interestingly, these solutions can be used to describe the structure and properties of three-dimensional fluids in pores by treating the (finite) length axis of the onedimensional fluid as the pore width. Thus in spite of their simplicity, one-dimensional models play an important role in our understanding of real systems.
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In 1962, as part of his effort in developing the tunnel model1'-'4 of fluids, Barker presented an exact solution15 for the partition function of "almost one-dimensional systems." His result is very general, and may be applied to any system of particles that can be ordered serially and that have a well-defined range of intermolecular interaction. The solution becomes quite complex as the range of interaction goes beyond nearest neighbors, but the result is still a great simplification over the configurational integral. Barker' s result is in the form of an integral equation which must be solved to determine the maximum eigenvalue. In this paper, we present an alternative derivation of Barker' s solution for systems interacting with a simple nearestneighbor hard repulsion. The specificity of the model allows for a presentation that one may find more intuitive, and so it may be more readily extended to the applications summarized above. The treatment of mixtures is especially simple. We present the first calculations based on this solution, and we compare them to simulation results both within and outside the regime in which the solution is strictly valid.
Perhaps the most significant application of our solution is to the "periodic narrow box" (PNB) proposed by Wojciechowski et al. l6 This is a model for a bulk phase that exploits the simplifying features of particles in narrow pores. When applied here, our solution may be further transformed from the eigenvalue formulation to a much jciechowski et al. presented their solution for hard disk systems; we reproduce their result and extend it to threedimensional hard spheres. We comment on extensions of the approach to more complicated systems, particularly ones that are anisotropic such as liquid crystals.
We complete this section with a review of the thermodynamic formalism that is relevant to our studies. We present our solution in Sec. II, and apply it to hard particles in narrow pores in Sec. III. The special case of the PNB is presented in Sec. IV, and we finish with a summary and conclusions.
B. Thermodynamics of anisotropic systems Particles in pores are necessarily anisotropic systems, and the thermodynamic formalism used in their description must be modified accordingly. In an isotropic system, changes in volume at constant temperature and mole number result in a change in the Helmholtz free energy A given by a=l/D where again I= L/N. The thermodynamic pressure is ( Pr. + PO) /2, where P, and PD are the longitudinal and transverse 2-D pressures, respectively. Twodimensional analogs of Eqs. (1.2a)-( 1.2~) are
Vd In a.
(1.2f)
It is convenient to define separate symbols for the groups PL& and P&L P,, = P&, Pl =Pspl.
( 1.3) The Gibbs free energy is defined as the Legendre transform of A; the differential expressions for A above suggest two formulations for G
where P, is the bulk or "thermodynamic" pressure, V is the volume, and p= l/kT with k Boltzmann's constant and T the absolute temperature. In an anisotropic system, the change in free energy differs with the way the volume change is effected. We shall consider two-and threedimensional systems in which one of the dimensions is large by comparison to the molecular dimension d. 
Vd In a. We note that all of these expressions are equivalent in an isotropic system, for which PL= Pd. Appropriate formulas for two-dimensional pores follow directly; in the general development of the next section we use & to represent the cross section of both two-and three-dimensional pores.
(1.2b)
Here we have defined a "longitudinal" pressure PL, i.e., a force per unit cross section exerted along the direction parallel to the length. A "transverse" pressure P& acts normal to (and is not necessarily equal to) P,; we assume that P& acts isotropically in the two transverse dimensions. Other ways to effect a free-energy change include changing the system shape while holding the total volume constant, or changing the total volume while fixing the shape. Following Wojciechowski et al. ,I6 we introduce a shape parameter a=1/&i12, where I= L/N and N is the number of molecules. For bulk fluids the ratio vanishes, but for the confined systems studied here &II2 is of the order of one molecular diameter, so a is of order unity. With this definition Eq. ( 1.1) may be written
The canonical partition function of a fluid confined to a 9-dimensional cylindrical pore is
(1.2c)
The relation between the thermodynamic pressure and the trace of the pressure tensor, i.e., P,= (P,.+2P,)/3, has been used to write this expression.
Similar formulas relate the change in free energy A for an isotropic two-dimensional system to changes in system shape or length of a system boundary. Let the twodimensional "volume" (more precisely, the area) be V= LD, where L)d and D-d. The shape factor is16 where x is the axial coordinate, and y represents all other "coordinates" necessary to specify a molecule's position, orientation, and species identity (this coordinate is required to describe mixtures) .I' The potential V acts only in the dimension of the y coordinates and contains a wallparticle interaction that prevents the molecules from passing one another; more importantly it precludes interactions other than those between nearest neighbors. The interpartitle energy U is a purely hard repulsive potential; thus exp[-flUI is zero if any particles overlap, and is unity otherwise.
Given the y coordinates for two particles, their distance of closest approach along the axial coordinate x is uniquely determined. Thus if the y coordinates of all particles are specified, or "frozen," the system becomes isomorphic to a mixture of one-dimensional hard rods. We can use the analytic result" for the partition function of such a system to perform the integrations over xCN) exactly: 
We may reverse the order of integration of L and yCN), and the integration over L may then also be performed analytically. The lower limit must be replaced by the sum over effective collision diameters. A change of variables results in an integral that can be expressed in terms of the gamma function l?(N+ 1); this cancels the Nl in the denominator, and the final result is simply
We now define the kernel K(yl,y2)
which allows Eq. (2.4) to be expressed concisely
We note that K depends on the pressure Pi, . The nth iterated kernel is defined (2.8)
The trace of an operator is equal to the sum of its eigenvalues, and the eigenvalues of the nth iterated kernel are simply the nth powers of the eigenvalues /2, of K. These satisfy
where the eigenfunctions 4, are not identically zero. Equation (2.9) is a homogeneous Fredholm integral equation of the second kind. For large N, the sum of /ZmN is dominated by the largest eigenvalue, which we denote /2,. In this limit the molar free energy g=GJ/N may be written
If the eigenfunctions are orthonormal then any average of a function of y may be expressed
where &(y) is the eigenfunction of the maximum eigenvalue il,; 4: represents the probability density for the y coordinate. Some two-body averages may also be written in terms of +i (y). The molar volume (or reciprocal density) for example is
This and other averages (e.g., the entropy, heat capacity, etc.) may also be determined by differentiating the free energy, Eq. (2.10).
Despite the restrictions (hard particles, narrow pore) that were required to generate this exact solution, a large number of interesting systems may be examined with this result. The behavior of spheres in cylindrical pores is not uninteresting, and is the subject of a number of studies; but the particle shape in the present treatment is not restricted to spherical, so we may also use this model to investigate the properties of anisotropic molecules in narrow pores. -The effect of particle-wall interactions may be examined as well. An interesting variation of the pore model was originally proposed by Wojciechowski et al., l6 and is actually a model for bulk phases; we examine this model in more detail in Sec. IV, after first studying the solution for spheres in narrow pores.
Ill. HARD PARTICLES IN NARROW PORES A. Hard disk between parallel lines
The simplest nontrivial application of the solution outlined above is to a system of hard disks (in two dimensions) of diameter d constrained by parallel lines that are separated by a distance D. We define D,, as the maximum pore width that still precludes second-nearest neighbor interactions; for this system D,,= (1 +31'2/2)d. The solution outlined in Sec. II is exact for D < D,,, and it is of interest to determine the validity of the solution for pores that are wider than this limit.
The characteristic equation, Eq. (2.9) for the system of disks between lines may be written
is the accessible pore width reduced by the disk diameter, and y is the dimensionless transverse-or radial+oordinate r reduced by the accessible pore diameter D-d: at y=O, 1 the disk first contacts each wall of the pore, respectively. The dimensionless distance of closest approach o(y,y') = [l -A2(y-y')2]1'2; for A> 31'2/2 ( =0.8660...) interactions beyond nearestneighbor are possible-we ignore these in the solution. Further, we set a(y,y') =0 for A(y-y') > 1, which is not an additional approximation but merely a reflection of the linear ordering of the disks that was imposed to write the solution given in Sec. II. Equation (3.1) is not amenable to an explicit solution, so we turn to a numerical treatment. We discretize y into n intervals of width S= l/n and define yi= (i-1/2)& 45, =4(yi). Application of the rectangle quadrature rule to the integral in Eq. (3.1) results in a system of linear equations for the +i nearest neighbors were not ignored for pore widths in which they could arise. Axial pressures of fiP,j d=O.Ol, 0.10, 0.25, 0.50, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, and 4.0 and accessible pore widths corresponding to A2=0.25, 0.50, 0.75, 1.00, and 1.25 were studied; note that Dnn corresponds to A2=0.75.
where K;j=exp{-fiPII d2[1-(A6)2(i-j)2]"2}, or Kij=l as needed when A > 1. In more compact form we have
where K is the n X n (symmetric) matrix of the Kij, $J is the vector of 'pi, and h=il/SAd. We solved Eq. (3.3) for the maximum eigenvalue A and its corresponding eigenvector using eigensystem analysis routines from the EISPACK library'9 for n=5, 10, 25, 50, 100, and 201, respectively, and extrapolated the corresponding solutions for /z to l/n = 0. The n = 20 1 solution for 4 was used in Eq. (2.12) to determine the density. The density was also evaluated by numerical differentiation of the free energy [given by the extrapolated il with Eq. (2.10)], and this differed negligibly from that given by Eq. (2.12). The results are compared to our own (NPll T) Monte Carlo simulation data in Figs. 1 and 2. These data were taken from simulations of 500 hard disks, and sampled 30x lo6 configurations beyond an equilibration phase of 15 X lo6 configurations; a one-dimensional lattice was used for the initial configuration of each run. In these simulations interactions beyond Figure 1 shows the equation of state, plotted in terms of the one-dimensional pressure and density; these differ from the 2-D values by a multiplicative factor of D. As expected, for D < D,, all calculations are exact and the simulation and transfer-matrix solution are in complete agreement, which verifies both computations. Errors arise in the theory as the pore width is extended beyond D,,, particularly at higher pressures. This too is not surprising as in the real system the non-nearest-neighbor interactions ignored in the transfer-matrix solution become more common as the pressure, and hence density, increase. For A2 = 1.0 the theory still provides a respectable estimate over the entire range of pressures, overestimating the density by 6% at the highest pressure studied. However, the performance rapidly deteriorates as the pore width increases; the overestimation of the density is greater that 100% for A2 = 1.25, flP,, d=4.0.
Radial density profiles are displayed in Fig. 2 . The qualitative conclusions are the same for these figures: the transfer-matrix solution is indeed exact for D < D,,, and it rapidly deteriorates for accessible pore widths greater than one disk diameter. In particular it is apparent how the transfer-matrix solution greatly overestimates the density near the walls, and the extent of depletion near the center of the pore. This too is easily understood to result from neglect of non-nearest-neighbor interactions. It would be of interest to see how application of Barker's general solution15 with, say, up to second-nearest neighbor interactions included would improve these results. However, such a calculation is significantly more difficult than that presented here.
B. Hard spheres in cylindrical pores
The distribution of hard spheres in a cylindrical pore is expected to have cylindrical symmetry. Anticipating this result, the characteristic equation, Eq. (2.9), for hard spheres of diameter d in a cylindrical pore of diameter D are written using eigenfunctions that are independent of the angular coordinate 13 By -defining y in this manner we again formulate our problem with a symmetric kernel (3.6) As a consequence of the cylindrical symmetry of this geometry, the numerical computation of the eigenfunction for hard-spheres in a cylindrical pore is hardly more difficult than the computation for the fluid of confined disks treated in Sec. III A. We performed this calculation using the discretization technique described above, and again we compare these results to simulation data in Figs. 3 and 4. Computations were performed for the same values of the accessible pore diameter and 1-D pressure that were examined for the system of disks between lines. Again, for D < D,, the transfer-matrix solution is exact, and again D,, = 3 1'2/2 which corresponds to a square accessible diameter (2R)2=0.75. Figure 3 depicts the equation of state, again in terms of one-dimensional quantities. Comparison with Fig. 1 shows that the transfer-matrix solution performs slightly better in 3-D than in 2-D when extended beyond its range of validity. Figure 4 gives the density profiles, which present no surprises. As in the two-dimensional example it is apparent that extension of the transfer-matrix solution to pores wider than about two particle diameters (2R = 1 .O) yields an unacceptable approximation for all but the lowest pressures. IV. PERIODIC NARROW PORES An interesting variation of the pore model was first proposed by Wojciechowski et al. l6 as a means for modeling a bulk fluid. In their model, the pore walls are replaced by images of the narrow pore, and so the system may be viewed as infinite in all directions. Wojciechowski et al. considered only the two-dimensional system. The solution described in Sec. II is applicable to the periodic system, and indeed is greatly simplified in this instance. We will use it to generalize their study and examine the periodic narrow box as a model for three-dimensional bulk phases. First we will show how it may applied in the 2-D case to recover their result.
A. Periodic disks-between-lines
The model is depicted in Fig. 5 . The system is infinite in the "longitudinal" direction, and periodic in the "trans- verse" direction, with period D. The particles with coordinates 1 y 1 < D/2 constitute the central image, and particles beyond this range are images of the central particles. Thus a sphere exiting the top of the central-image box is replaced by a replica that enters at the bottom. Each particle is capable of interacting with every image of its neighboring particles, but since the potential is purely hard repulsion only the minimum, or closest image need be considered. The width of the central image is restricted to D < 3*'2d to prevent the possibility of second-nearest-neighbor overlaps (we also allow D <d by ignoring overlaps of a particle and its image). These are the familiar periodic boundary conditions used in the computer simulation of bulk fluids, except here the periodicity is anisotropic and particularly rapid in one direction. The eigenvalue equation, Eq. (2.9), for the free energy of this system is 
.~ where i = fi and m is an integer; this form has the additional property that 4, ( u +y > = #, ( u ) 4, (JJ) . It is then easily shown that these eigenfunctions satisfy Eq. (4.6b) K(y) is strictly positive for all y, so the maximum in il, occurs for m=O; the free energy per particle is then, from Eq. (2.10)
This is the same result that was derived in a different way by Wojciechowski et al. I6
B. Periodic spheres-in-a-cylinder
The periodic narrow pore model of the bulk becomes much more interesting when applied in three dimensions; this application was not considered by Wojciechowski et al. I6 We again fill space with infinitely long cells, but the cells have narrow polygonal cross sections which are arranged periodically in a plane. Thus we have added flexibility in the choice of the cross-sectional shape, as well as its size. Any of the five two-dimensional Bravais lattice symmetries may be used to describe the arrangement of the cross sections, and the solution may be obtained for any case. The periodic cell is the Wigner-Seitz cell for the lattice.
We will let a and b represent the primitive translation vectors for the plane lattice, with corresponding in-plane reciprocal lattice vectors a* and b*. A development similar to that given for the two-dimensional system can be used to show that the spectrum of the periodic kernel is where m and IZ are integers, and the integral extends over the Wigner-Seitz unit cell. Clearly, the maximum eigenvalue again corresponds to m =n=O, so the molar free energy is simply (4.9)
We have investigated this model for two planar lattice symmetries: square and hexagonal. In both cases, the y-integral takes the same form, and is conveniently written in terms of the quantity where D is the center-to-center cell distance, and c= 1 for the square unit cell, c= 3-1'2 for the hexagonal unit cell.
Note that in Eq. (4.11) the (three-dimensional) longitudinal pressure has been substituted for PII using Eq. ( 1.3) (with the cell areas equal to D2 and ( 31'2/2) D2 for the square and hexagonal cells, respectively), and R, is dimensionless. One must make a choice for the pore width D before the analysis can begin. Fixing D at one value selects the "density" in the transverse dimension; if the solution is to be used to model a bulk phase, it is not reasonable to expect this density to remain constant as the (longitudinal) pressure is varied, so a constant D is not a good choice. There are several reasonable criteria on which to base the variation of D with pressure. For example, D may be selected so that the longitudinal and transverse pressures PL and PA are equal. The isotropy implied by this choice is consistent with bulk behavior, and corresponds to a extremum in the Gibbs free energy with respect to the pore area at constant PL [cf. Eq. (1.4) ]. The desired equality may indeed be achieved with values of D for which the model is valid; unfortunately, Fig. 6 indicates that the corresponding extremum in GsB is a maximum, and thus represents the most unstable situation! A choice based upon isotropy of the density is also reasonable. Instead, we will select D using the criterion proposed by Wojciechowski et al.: 16 D is selected to maintain the "shape" a: [ =Z/JJL?"~; cf. Eq. (1.2)] of the box, and the shape is itself selected to permit close-packing to be attained at high pressure.
Several box shapes at close packing are consistent with a lattice arrangement; we consider three. For the square planar lattice, an fee lattice results at close packing when CL=~-"~, and a bee lattice results when Q= l/2; for the hexagonal planar lattice, fee (or hcp) results at close packing when a=2/3 . 3'4 The diameter needed to maintain this Pore cross-sectional area, a/d "   FIG. 6 . Transfer-matrix solution for the free energy of the periodic spheres-in-a-cylinder as a function of the pore cross-sectional area (which determines the period); the pore cross section is hexagonal. If given the freedom, the system will choose a cross section that minimizes G,d for a given longitudinal pressure; the result is isotropy of the pressure. The extremum seen in the figure corresponds to equal transverse and longitudinal pressures, but it is clearly unstable.
shape must be determined for each value of PL by iteration. density. The fee-shaped square planar lattice does particularly well, showing coincidence with the established result to molar volumes near the limit of mechanical stability of the lattice. Although the model becomes significantly less realistic for pore widths larger than those that preclude secondnearest neighbor interactions, nothing prevents solution in these instances-the model then becomes one in which interactions other than those between nearest neighbors are neglected (as discussed during application of the solutions to hard-walled pores). In Fig. 7 , this occurs in the plotted range only for the planar square lattice with bee shape. Volumes greater than those beyond the mark on the plot are based on this additional approximation.
V. SUMMARY AND CONCLUSIONS
We have presented an exact solution for systems of hard particles in pores of molecular dimension; our solution is a special case of that presented by Barker," although we use an alternative derivation. The result may be applied to particles of arbitrary shape, and with arbitrary pore-wall interactions (with the restriction that the interaction not vary along the pore length). We have used the solution to examine hard particles in cylindrical pores, and in "pores" with periodic boundaries (the PNB-periodic narrow box). The periodic system is an extension of the model first proposed by Wojciechowski et al. l6 to three dimensions; the solution is much more interesting in this case because of the added flexibility in the choice of the two-dimensional lattice that characterizes the periodicity. None of the models investigated here display phase coexistence; this is not surprising because all of them are in essence one-dimensional systems.
This work may be extended in several ways. As Barker-l5 has shown, it is possible to include interactions other than pure repulsion between the particles of the system. Indeed, the general solution is not restricted merely to nearest-neighbor interactions. Its complexity increases significantly with each increment in the range of interaction; application to the periodic narrow box will simplify the result, but one cannot expect an explicit solution of the type found here. It is likely that interesting results will be found by retaining the nearest-neighbor restriction while working with more complex molecular shapes. Prolate or oblate hard ellipsoids and spherocylinders-and mixtures thereof-may be particularly interesting. Indeed, Lebowitz et aZ.22 used a transfer matrix approach to study the properties of such anisotropic molecules constrained to a line. They examined several cases analytically or numerically, and found several qualitative features that the simple model had in common with bulk phases. The present approach allows relaxation of the line constraint. In this instance the close-packed configuration of ellipsoids changes suddenly from a tilted to a staggered configuration at a particular pore width; we can use the solution presented here to examine how this geometric result affects adsorption in the pore. The limited nature of the periodicity in the PNB systems makes them a natural model for certain phases of liquid-crystalline substances: columnar phases are an obvious example. The PNB treatment may also be used to extend the studies reviewed in the Introduction. As discussed there, a solution is needed for the PNB system as a function of pore length, which actually models the distribution along the target pore width. The result is a good qualitative description of the structure of the fluid within the pore.
